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Lecture outline

0 Random walks on graph

e Diffusion on graph

© Spectral graph theory

@ COVID-19 update

© Branching process as contagion model

@ Epidemic modeling
@ S| model
@ SIS model
@ SIR model

e Modeling epidemics on networks
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Random walks on graph

@ A random walk on graph G is a sequence of vertices vg, v, ...V¢..,
where each vy 1 is chosen to be a random neighbor of v;,
{vt, veix1} € E(G) and probability of the transition is given by

Pij = P(xe11 = vjlxe = vi),

where >, Pj = 1, matrix P - row stochastic
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Random walks on graph
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Random walks on graph

@ We will be considering undirected connected unweighted graphs
@ Transition matrix

p. _ 1/d(i), if 3 e(i,j), i and j adjacent,
Y710 , otherwise

@ Using adjacency matrix

Ajj _
P; = 71 = D;'A;, where D = d;d;;
o Let p;(t) - probability, that a walk is at node / at moment ¢t
(probability distribution vector, value per node)

@ Random walk

ple+1) =Y Pimi() =3 P4,

@ Matrix form
p(t+1) = B(t)P = p(¢)(D'A)
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Random walks on graph

e Starting from initial distribution p(0) after t steps
p(t) = B(0)P*

@ Random walk on connected non-bipartite graphs converges to limiting
distribution
. — T — t_ =
lim p(t) = tl;ngo p(0)P* ==

t—>00
o Limiting distribution = stationary distribution
A, ple+1) = i S0P
7 = 7P
@ Left eigenvalue corresponding to A = 1 (dominant eigenvalue)
AT = 7P
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Perron-Frobenius Theorem

Perron-Frobenius theorem
If real square matrix is

@ stochastic (non-negative and rows sum up to one, describes Markov
chain)

e irreducible (strongly connected graph)
@ aperiodic
then
3im 7 = 7
and can be found as a left eigenvector
7P = A%, where ||T|]1=1,A=1

7 - stationary distribution (row vector)

Oscar Perron, 1907, Georg Frobenius,1912.
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Random walks on graph

e Random walk on graph is reversible ( satisfies detailed balance)
i Pjj = ;i Pji

@ On undirected graph:

A A
m g =
i y
— = — = const
d; /
and ) .mi=1
e Stationary (stable) distribution
di d;
P _
CXd 2lE]

|. Makarov & L.E. Zhukov (MADE) Lecture 6 29.03.2021



Random walks on graph

o Lazy random walk
pi(t
pi(t+1) = PJ(t Z
@ Matrix form

- 1 -
Bt +1) = op(t)(1 + D 1A)
e Converges (always!) to the same stationary distribution

(2) — )7 = 7#(DA)
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Random walks on graph

Theorem

Let \» denote second largest eigenvalue of transition matrix P = DA,
p(t) probability distribution vector and 7 stationary distribution. If walk
starts from the vertex i, pi(0) = 1, then after t steps for every vertex:

d.
|pi(t) = mj| <4/ j)\é

e ForP=D1A N\ =1 M <1
o For P’ = 1(1+D71A), Xy = 3(1+ X)
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Physics of Diffusion

Diffusion is the movement of a substance down a concentration gradient.
"to diffuse” = "to spread out”

o Let ®(r, t) -concentration

o Fick's Law

J= —C8—¢ =—-CVo
or
e Continuity equation (conserved quantity)
0P
5t +VJ=0

e Diffusion equation (heat equation)

Ad(r, t)

o = CAO(r,1)

A - Laplacian operator
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Diffusion on network

@ Some substance that occupy vertices, on each time step diffuses out
¢i(t) - quantity per node

¢i(t+1) = ¢i(t) +ZA,-J-(¢J- ) — ¢i(t))Cot

d¢’ = CZAU ¢j(t) — di(t))

do,
L8 CC A= 3 - Ay = C(3 Ayty=do) = € YAy =6y
J

d¢l — _CZLU¢J
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Graph Laplacian

@ Graph Laplacian
Lj = djoj — Aj = Djj — Ay, Djj = djoj;

d(i), if i =j,
Lj=4¢ —1 ,if Je(i,j)—iand adjacent,
0 , otherwise

@ Matrix form

L=D-A

Labeled graph Degree matrix Adjacency matrix Laplacian matrix
200000 010010 2 -1 0 0 -1 0
e 030000 101010 -1 3 -1 0 -1 0
o o o 002000 010100 0 -1 2 -1 0 0
.‘ Doo0o300 001011 0 0 -1 3 -1 -1
e e 000030 110100 -1 -1 0 -1 3 0
00O0DO0OOI1 000100 0 0 0 -1 0 1
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Laplace matrix

Spectral properties

Lv; = Av;

@ real non-negative eigenvalues \; > 0 and orthogonal eigenvectors v;

@ smallest eigenvalue always A\; = 0 for vi =e = [1,1,1...1] "

Le=(D—-A)e=0
@ Number of zero eigenvalues A\; = 0 equal to the number of connected
components

@ In a connected graph Ay # 0 - algebraic connectivity of a graph
(spectral gap), vo - Fiedler vector

@ Mo = 0 - disconnected graph, A\» = n - totally connected
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Diffusion on Graph

@ Diffusion equation

do
b Lo —
dt—i—C(b 0

o Eigenvector basis

D(t) = a(tvi, aw(t) = p(t) v Ly = Avi
k

e ODE dau()
a(t B
zk: < P + C)\kak(t)> v =20
dag(t
Cl;'l(' ) + C/\kak(t) =0
ak(t) = ax(0)e™ Mt
@ Solution

B(t) = ar(0)vie Mt
k
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Diffusion on Graph

@ Solution
B(t) = ar(0)vie M
k
@ all \; >0fori>1, A\ =0:
Jim ¢(t) = a1(0)va
@ Normalized solution vq ﬁe

o Steady state

I|m o(t) = (—Z@(O e = const
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Diffusion on Graph
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Smoothing operator

@ L - symmetric positive semidefinite

dTLp = Lydigy =D (didy — Aj)oid; = ZA,,
@ Smoothing operator
Loj = Z( i — Aij)bj = Z(di5U¢j Aij¢j) = di(¢i — d: ZAU¢J
J J

o Laplace equation V¢ =0, (L¢); =0, solution - harmonic function
1
¢i= > Ao
1 .
J

@ Regression on graphs
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Normalized Laplacian

@ Normalized Laplacian

L=D12LD™1/?

1 , ifi=,

o 1 . oy s . .
L= Jaq if 3e(i,j)—iand adjacent,

0 , otherwise

@ Connection to random walks:
P=D"1'A= D2 - £)D'?

Similar matrices represents the same linear transformations in
different basis and share properties of represented linear operators, i.e.
eigenvalues: A\max(P) =1, A1(£) = 0.
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Normalized Laplacian

@ Conductance of a vertex set S

B cut(S, V\S)
(%) = min(vol(S), vol(V\S))
where vol(S) = > s ki - sum of all node degrees in the set

o Cheeger’s inequality

X(£)/2 < min §(S) < V/2Xa(L)

oA =00<)\ <2
e 0 < nTnl
A2 = 0, disconnected graph
A2 = -7, completely connected graph
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Lecture outline

0 Random walks on graph

e Diffusion on graph

© Spectral graph theory

@ COVID-19 update

© Branching process as contagion model

@ Epidemic modeling
@ S| model
@ SIS model
@ SIR model

e Modeling epidemics on networks
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Awerage mamber of cases (Week §) -

- v st SN TN “Source £C5C [11/63/2071, 1800 CEST)

. Confirmed Cases 117,160,237 2790721 |
Deaths 2,598,852 61,917

eekly new ai ned cases of COVID-19
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Coronavirus COVID-19

@ Coronavirus COVID-19 Global Cases by the Center for Systems Science and Engineering (CSSE) at Johns Hopkins University...

Total Confirmed

Confirmed Cases by
Country/Region/Sovereignty

China
Italy
Iran
Korea, South
Spain
Germany
France
us
Switzerland
Sweden
Netherlands
Denmark
Norway
Cruise Ship
Japan

Belgium

3/13/2020, 7:53:03 PM R Downloadable database: GitHub:

Feature layer:

Dashboard from Johns Hopkins University, https://coronavirus.jhu.edu/map.html
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Total Deaths

5,088

3,062 deaths
Hubei China

Total Recovered

1,016 deaths
italy

514 deaths
ran Guangdong China

122 deaths
Spain Henan China

66 deaths
Kores, South Zhejiang China

61 deaths
France France Italy

ths
Washington US Hunan China

22 deaths
Henan China Anhui China

16 deaths

larsers China:
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Coronavirus COVID-19

@ COVID-19 Dashboard by the Center for Systems Science and Engineering (CSSE) at Johns Hopkins University (JHU)

Global Deaths Total Test Results in US

0 i
Global Cases 2 785 365 388 603 313

549335 deaths 533
us’ California U
Ely ; 312206 deaths 44379 816 tests
Country/Region/Soversignty Brazil New York US
us 201623 deaths
Mexico
Brazil
) 161843 deaths
India India
126 834 deaths

France
United Kingdom

Russia 107 933 deaths
United Kingdom italy

traly o e
Spain

Turkey

Germany

Colombia

Argentina

Poland

Cumulative Cases

Mobile Versior

o2 [= " i

Dashboard from Johns Hopkins University, https://coronavirus.jhu.edu/map.html
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Coronavirus COVID-19
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Coronavirus COVID-19
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Coronavirus COVID-

1000
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SARS-CoV-2 cases per million inhabitants
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Coronavirus COVID-

How many people have recovered or died

120 thousant

100
( Deaths.

Source: Center for Systems Science and Engineering at Johns Hopkins University.

from the NYT
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Simple model of contagion

Simple model of contagion (decease transmission)

@ lst-wave: first infected person enters the population and transmits to
each person he meets with probability p. Suppose he meets (k)
people while contagious

@ 2nd-wave: Each infected person from 1st wave meets (k) new people
and independently transmits infection with probability p

o 3rd-wave: ....

Population is organized as a tree
This is Galton-Watson branching stochastic process
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Branching process

o" g o o 0

©
p - (k) - average number of secondary infections from one node

image from David Easley, Jon Kleinberg, 2010
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Branching process

Ro = p(k) - the average number of new infected nodes/people on
every step

On the n step, the average number of infected people R§ = (p(k))"
if Ry > 1, the average grows geometrically as Ry

if Ry < 1, the average shrinks geometrically as R

when n — t, geometric growth — exponential growth

Ry - basic reproduction number, is the average number of secondary
infections produced when one infected individual is introduced into a host
population where everyone is susceptible

Ro = 1 - is the threshold that determines when an infection can invade
and persist in a new host population.
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Basic reproductive numbe

Disease Transmission Ro
Measles Airborne 12-18
Pertussis Airborne droplet 1217
Diptheria Saliva 6-7
Smallpox Social contact 57
Polio Fecal-oral route 57
Rubella Airborne droplet 5-7
Murmps Airborne droplet a7
HIV/AIDS Sexual contact 2-5
SARS Airborne droplet 2-5
Influenza Airborne droplet 2-3

(1918 strain)

from Barabasi, 2016
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Compartmental models in epidimiology

Mathematical epidemiology
W. O. Kermack and A. G. McKendrick, 1927

Deterministic compartmental model (population classes) {S, /, R}

S(t) - susceptible, number of individuals not yet infected with the
disease at time t

@ /(t) - infected, number of individuals who have been infected with the
disease and are capable of spreading the disease.

@ R(t) - recovered, number of individuals who have been infected and
then recovered from the disease, can't be infected again or to
transmit the infection to others.

@ Fully-mixing model
@ Closed population (no birth, death, migration)
@ Models: Sl, SIS, SIR, SEIR,
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S| model

@ 5(t) -susceptible , /(t) - infected
S—1

S(t)+I(t)=N

@ (3 - transmission/infection rate, number of transmitting contacts per
unit time; T, = 1/ - time between transmitting contact

@ Infection equation:

I(t+o0t)=I(t) + ﬁsl(vt)l(t)ét
MY _ 520 e)
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S| model

e Fractions: i(t) = I(t)/N, s(t) = S(t)/N

e Equations

di(t) .
o Bs(t)i(t)
ds(t) .
5 —Bs(t)i(t)

s(t)+i(t)=1

e Differential equation, i(t =0) =iy
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Logistic growth function

@ Solution:

i(t) = io

io + (1 — Ilo)e_ﬂt

e Limitt — oo

in image ip = 0.05, B8 =0.8
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SIS model

@ S(t) -susceptable , /(t) - infected,
S— 1 —S
S(t)+I(t)=N
@ (3 - infection rate (on contact), v - recovery rate; T, = 1/~ - average

time to recovery
@ Infection equations:

d:
d—i = —fBsi+i
di
d—; = [Bsi—~i
s+i=1
e Differential equation, i(t =0) =iy
R
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SIS model

@ Solution
0 =0- Do
where Bin
C= 5= P
o Limitt — o
ey i) - )
B<ry , i(t)=ielP Mt 50
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Logistic function

o B<ny, i(t)=ielP Mt 50
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SIR model

@ 5(t) -susceptable , /(t) - infected, R(t) - recovered
S—I—R
S(t)y+1(t)+ R(t)=N

@ [ - infection rate, v - recovery rate

@ Infection equation:

ds
dt
di
dt
dr
dt

= —Qfsi
= [Bsi—~yi

s+i+r=1
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SIR model

e Equation
ds drl
= = _fBs—=
dt dt
_B,
s =spe 7
d
d—;zfy(l—r—soe )
@ Solution
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SIR model

time (days)

e o
S 2®
I
o
[BY
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SIR model

° 0
010:0

C 2
I
= o
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SIR model

e Equation

d _B,
d—gzy(l—r—soe )

@ Limits: t — oo, % =0, ryo = const,

roo

_B
1—r =50 "
e Initial conditions: r(0) =0, i(0) =c/N, s(0)=1—-c/N~1

Fo

_8
l—ro=e€e 7
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SIR model

ro=1—e R Ry ==
0
(roo)/’roo:() =(1- e_Rorw),’roo=0>

critical point: Ry =1
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SIR model

@ r, - the total size of the outbreak

@ Epidemic threshold

Epidemics: Roy>1, B>7v , re =const>0
No epidemics: Ry <1, B<~v , ro—0

@ (3 - infection rate, v - recovery rate —

@ Basic reproduction number

It is average number of people infected by a person before his recovery

Ry = E[57] = ﬁ/ooo yre  Tdr = 5
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Compartmental models summary

1 . . S
EXPONENTIAL /; -
REGIME /|
- c|g
0.75/ o
i(t) 05 X FINAL REGIME
0.25
0
0 5 t 10 15

from Barabasi, 2016
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Flatten the curve!

LOWER AND DELAY THE EPIDEMIC PEAK

proactive measures*
uncontrolled , slow the spread
L of disease & reduce

burden on hospitals

with controls

# of cases

healthcare system
capacity (ICU beds,
ER visits, etc.)

time since first case

*social distancing such as teleworking, limiting large gatherings, reducing travel or more assertive approaches.

48 /88
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Compartmental models summary

1

EXPONENTIAL, :
REGIME /! ate
0.75. 200
i(t) os. X FINAL REGIME
0.25.
% 5 t 10 15
Model early time late time | Epidemic threshold
SI ioe’t 1 -
SIS [ (1—-F)eP It 1-2;0 Ry=1
SIR exponential 0 Ry=1

from Barabasi, 2016
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Advanced Compartmental Models

SIRS Model 5
[ Susceptible H Infectious ]—m
§
SERSModel - ———
- -

Susceptible Exposed —{ Infectious H Recovered ]

D. Anderez et al., 2020
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SEIR-vulnerable

SEIR-v Model
14
I
1
) -p)B o y
Susceptible —  Exposed Infectious Recovered

S
PoMBy' vulnerable | o ! Vulnerable 1Y : Vulnerable |
Exposed | Infectious )‘ l Recovered J

' Yy | Vulnerabie |
-

I_ _Deaths _ |

D. Anderez et al., 2020
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SEIIHURD

S E ==
R
0
. I 2 :
D
U
8-compartmental model: S - susceptible, E - exposed, | -infectious, H -

hospitalized, U - ICU units, R - recovered

Juliane F. Oliveira et.al, 2020
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Probabilistic node-level model

@ network of potential contacts (adjacency matrix A)

@ probabilistic model (state of a node):
si(t) - probability that at t node i is susceptible
x;(t) - probability that at t node i is infected
ri(t) - probability that at t node i is recovered

@ [ - individual transmission/infection rate (probably to get infected on
a contact in time dt) f transmitting contacts per unit time; 5. = (k)

@ 7 - recovery rate (probability to recover in a unit time dt). In
compartmental model (. - transmission/infection rate, number o

@ from deterministic to probabilistic description
@ connected component - all nodes reachable

@ network is undirected (matrix A is symmetric)
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Probabilistic model

Two processes:

@ Node infection:

@ Node recovery:
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S| model

@ S| Model
S—1

e Probabilities that node i: s;(t) - susceptible, x;(t) -infected at ¢
xi(t) +si(t) =1
@ [ - infection rate, probability to get infected in a unit time
xi(t+6t) = x(t) + Bsi > Ayxdt

J

@ infection equations

P~ ps(0) Y At
J

X,'(t) + S,'(l'):].

|. Makarov & L.E. Zhukov (MADE) Lecture 6 29.03.2021



S| model

@ System of differential equations

dx; (t)

= B(1 - x(t)) Z AjjXj
e early time approximation, t — 0, x;(t) < 1

dx,(t Z Ay

dx(t)
= BAx(t
)~ pax(n)
@ Solution in the basis
Avi = Mvi

t)=> a(t)vi
k
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S| model

dak

S Vk="p Z Aay(t)vk = Z a(t) Akvk
K
day(t
2,5 ) _ BAkak(t)
ar(t) = ar(0)ePt,  a,(0) = v x(0)
@ Solution
x(t) = Z ar(0)eMPty,
K
0t — 0, Amax = A1 > A

x(t) = v Pt

@ growth rate of infections depends on A;

@ probability of infection of nodes depends on v; , i.e eigenvector
centrality
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S| model

Fraction of population

Time ¢

Fractions of susceptible and infected vertices of various degrees in the SI
model.
The highest values of k give the fastest growth

image from M. Newman, 2010
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S| simulation

© Every node at any time step is in one state {S,/}
@ Initialize ¢ nodes in state /

© On each time step each / node has a probability 5 to infect its
nearest neighbors (NN), S — /

Model dynamics:
I+S — 2I
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S| model simulation

B=05

@@

®®
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S| model simulation

5=05
@@
©) @
@0 ®
@ p
®
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S| model simulation

B=05

|. Makarov & L.E. Zhukov (MADE) Lecture 6 29.03.2021 60 /88



S| model simulation

B=05
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S| model simulation
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SIS model

@ SIS Model
S—I—8S

Probabilites that node i: s;j(t) - susceptable, x;(t) -infected at t

xi(t) +si(t) =1

5 - infection rate, 7y - recovery rate

infection equations:

Filt) (03 Aps(e) =

X,'(t) + S,'(t):].
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SIS model

@ Differential equation

dalt) _ B(L—=xi()) Y Ajxj — i
J

dt

e early time approximation, x;(t) < 1

dx,

=3 Z Ajjxj — Vxi

dX, B Z i —
dx(t)
dt

— B(A— (%)I)x(t)

dx(t)
dt

1)|

= SMx(t), M:A_(ﬁ
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SIS model

@ Eigenvector basis

MV, = Nk, M :A—(%)I, Avic = Aivi
Vi = Vi, @—Ak—%
@ Solution
x(t) = Zak(t)v;( :zak Vi eNht = Zak el Pt
k K

@ A\ > )\, critical: B\ =
-if AL >, x(t) = vielPME - growth
-if BA1 <7, x(t) = 0 - decay
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SIS model

Define epidemic threshold R:

o if % > R - infection survives and becomes epidemic

o if g < R - infection dies over time

In compartmental SIS model %:

In network SIS model %:

1
R = —, X1 — largest eigenvalue of the adjacency matrix

A1

o K

(k?)
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SIS simulation

@ Every node at any time step is in one state {S, /}
@ Initialize ¢ nodes in state /
@ Each node stays infected 7, = [; 7" "7d7 = 1/ time steps

@ On each time step each I node has a prabability 8 to infect its
nearest neighbours (NN), S — /

© After 7, time steps node recovers, | — S

Model dynamics:

I1+5 5 o
/ A
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SIS model simulation

5=0571=2
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SIS model simulation

B=057T1=2
@@
® @
@0 ®

|. Makarov & L.E. Zhukov (MADE) ecture 29.03.2021 67 /88



SIS model simulation

5=0571=2
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SIS model simulation
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SIS model

SIS infection

Number of nodes
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SIS model simulation

B=027=2
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SIS model simulation

B=027=2
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SIS model simulation

B=0.27=2
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SIS model simulation
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SIS model

SIS infection

\H

Number of nodes

d
Time
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SIR model

o SIR Model
S—I—R

@ probabilities s;(t) -susceptable , x;(t) - infected, r;(t) - recovered
si(t) + xi(t) +ri(t) =1

@ [ - infection rate, y - recovery rate

@ Infection equation:

dX,'

ar 55iZAinj—’YXi
J

i

a1

xi(t) + si(t)+ri(t)=1
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SIR model

o Differential equation

dX,'(t)
e CE ) ZAIJXJ — X
j

o early time, t — 0, r; ~ 0, SIS = SIR

dx;
ngt) =06(1—x;) ZAUXJ — X

J

@ Solution
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SIR model

Probability

Time ¢

image from M. Newman, 2010

Lecture 6
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SIR simulation

Every node at any time step is in one state {S,/, R}
Initialize ¢ nodes in state /
Each node stays infected 7., = 1/~ time steps

On each time step each / node has a prabability 3 to infect its
nearest neighbours (NN), S — /

After 7, time steps node recovers, | — R

Nodes R do not participate in further infection propagation

Model dynamics:
1+s 2 oo
/ LR
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SIR model

5=0571=2
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SIR model
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SIR model

B=0571=2
e®®
®
oo © eeged®
@ ®
@ ¢ ...0
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SIR model

5=0571=2

|. Makarov & L.E. Zhukov (MADE) Lecture 6 29.03.2021 75/88



SIR model

5=0571=2

|. Makarov & L.E. Zhukov (MADE) Lecture 6 29.03.2021 75/88



SIR model

5=0571=2

|. Makarov & L.E. Zhukov (MADE) Lecture 6 29.03.2021 75/88



SIR model
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SIR model

SIR infection

Number of nodes
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SIR model

B=027=2
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SIR model

SIR infection

—\ﬁ

Number of nodes
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Modeling SARS outbreak

SARS 2003: > 8,000 cases, 37 countries

Simulated SIR model:gray lines - passenger flow, red symbols epidemics
location

D. Brockmann, D. Helbing, 2013
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odeling SARS outbreak

Shortest path tree from Hong Kong

D. Brockmann, D. Helbing, 2013
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5 Networks, SIR

Networks: 1) random, 2) lattice, 3) small world, 4) spatial, 5) scale-free

image from Keeling et al, 2005

|. Makarov & L.E. Zhukov (MADE) Lecture 6



5 Networks, SIR
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Networks: 1) random, 2) lattice, 3) small world, 4) spatial, 5) scale-free

Keeling et al, 2005
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Network synchronization, SIRS

02F 4

0.0 + } 1 + }
04t [p=02 1
02 pANVNAN |V v\ g

P (0)

5200 5300 5400 5500 5600

Small-world network at different values of disorder parameter p

Kuperman et al, 2001
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Epidemic threshold

One can show that epidemic threshold depends on network
homogeneity o7 = (k?) — (k)*

o 0

(k)

* inrandom network (k?) = (k)((k) +1): R=1/(k) >0
® in scale-free networks P(k) ~ k=7,

when2 <y <3sndN — oo: (k?) =00, R—0
NO EPIDEMIC THRESHOLD!

Kuperman et al, 2001
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Vaccination strategies

@ random vaccination (bad even in simulation)
@ hub vaccination, k > kpin

o following random edge with probability proportional to target node
degree

e random friend vaccination (“friendship paradox”)
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